Abstract. This article examines dynamical systems on a class of K3 surfaces in P 2 ×P 2 with an infinite automorphism group. In particular, this article develops an algorithm to find Q-rational periodic points using information over F p for various primes p. This algorithm is then optimized to examine the growth of the average number of cycles versus p and to determine the number of F p m -rational points. The point counting optimization is used to determine the Riemann Zeta function over F 3 of a particular surface and show that it has Picard number two.
Introduction
Let φ : V ⊆ P N K → V be a morphism on a variety V . We denote the nth iterate of φ as
We say that P ∈ V is preperiodic if {φ i (P ) | i ∈ N} is finite. In particular. we say that P is a periodic point of period n for φ if φ n (P ) = P and of primitive period n if, in addition, for all m < n φ m (P ) = P.
Finding rational periodic points is in general a difficult problem and there is a major open conjecture by Morton-Silverman that states there should only be finitely many. Fakhruddin [Fakhruddin 2002 ] has shown that this conjecture implies a similar statement about morphisms of certain algebraic varieties.
Conjecture (Uniform Boundedness of Rational Periodic Points, [Morton and Silverman 1994] ). For all positive integers D, N, d with d > 2, there exists an integer κ(D, N, d) such that for each number field K of degree D over Q and each morphism φ : P N K → P N K defined by homogenous polynomials of degree d over K, the number of pre-periodic points of φ in P N K is less than or equal to κ (D, N, d) . This article examines dynamical systems on a class of surfaces in P 2 × P 2 with an infinite automorphism group studied by Wehler [Wehler 1988 ]. In particular, this article addresses the following topics:
(1) experimentally find Q-rational periodic points using information over F p for various primes p ∈ Q.
(2) determine the growth of the average number of cycles over F p as p increases. (3) determine the number of F p m -rational points.
In the course of addressing these topics, we produce an explicit K3 surface which has Picard number two. Note that van Luijk [van Luijk 2007] constructs explicit K3 surfaces with Picard number one and infinitely many rational points using more general methods than discussed in this article. However, since his examples have an elliptic fibration, his methods are not wholly applicable to Wehler K3 surfaces.
This article proceeds as follows. In Section 2, we define and recall some basic information about Wehler's class of K3 surfaces. In Section 3, we address finding Q-rational periodic points from F p data. The key fact used to find rational periodic points is that if there is a rational periodic point, then the primitive period of its reduction modulo a prime of good reduction must divide the primitive period of the rational point. While this method may return false positives due to checking a finite number of primes, it provides an effective way to search quickly for rational periodic points. This algorithm is used successfully in Pari/gp to find surfaces with Q-rational points of primitive period 1, . . . , 16. In Section 4, we analyze point and cycle data to obtain information on the average number of points and cycles over F p where the average is over randomly generated non-degenerate Wehler K3 surfaces with Q-rational coefficients. Non-degenerate surfaces are defined in Section 2. Experimentally, a Wehler K3 surface has approximately p 2 + 2p + c 1 F p -rational points on average with c 1 ∈ [0, 1], divided into p + c 2 ln p cycles with c 2 ∈ [0, 1]. In Section 5, the algorithm is optimized to determine the number of F p m rational points with m = 1, . . . , 11 for a particular K3 surface and used to determine the Riemann zeta function of a particular Wehler K3 surface over F 3 using the Weil conjectures. The example computed is also shown to have Picard number two. Finally, in Section 6 we use methods from GKZ [Gelfand et al. 1992] , as in [Grier et al. 2008] , to determine information about the homogeneous polynomial which vanishes if and only if the surface is singular, in other words, the A-discriminant. Much of this work is from the author's doctoral thesis [Hutz 2007, Chapters 5, 6, and 7] .
Note that there are several similarly constructed classes of surfaces in Baragar [Baragar 1998 ], Billard [Billard 1997], and McMullen [McMullen 2002 ] that may allow a similar type of explicit investigation.
Also note that a Pari/gp script to determine a Q-rational primitive periodic point on a Wehler K3 surface and to check for the possible primitive periods of a periodic point on a Wehler K3 surface is available at http://www.amherst.edu/ ∼ bhutz/ordersearch.gp.
The author would like to thank his advisor Joseph Silverman for his many insightful suggestions and ideas and also Dan Abramovich and Michael Rosen for their suggestions. The author also thanks the reviewer for many suggestions that have improved the clarity and results of this article.
Wehler's K3 surfaces
A Wehler K3 surface S ⊂ P 2 x × P 2 y is a smooth surface given by the intersection of an effective divisor of degree (1, 1) and an effective divisor of degree (2,2). In other words, let ([x 0 , x 1 , x 2 ], [y 0 , y 1 , y 2 ]) = (x, y) be the coordinates for P 2 x × P 2 y , then S is the locus described by L = Q = 0 for The natural projections
y . The projections p x and p y are double covers, allowing us to define two involutions of S σ x and σ y , respectively.
Remark ( [Call and Silverman 1996] ). The maps σ x and σ y are in general just rational maps. If S = V (L, Q) is smooth, S has no degenerate fibers, fibers of positive dimension, if and only if σ x and σ y are automorphisms. Moreover, if σ x and σ y are automorphisms and P ∈ S is a singular point on a non-degenerate fiber, then P is a fixed point of both involutions.
We call a surface with no degenerate fibers a non-degenerate surface. Moreover, the involutions σ x and σ y generate an infinite subgroup A ⊂ Aut(S) [Wehler 1988 ]. Silverman constructs a height function on these surfaces and shows that the set of preperiodic points is a set of bounded height [Silverman 1991, Theorem 1.1]. Call and Silverman give explicit formulas for computing σ x and σ y and, hence, any τ ∈ A (see [Call and Silverman 1996, Appendix] ). We adopt their notation and define
for (i, j, k) some permutation of the indices {0, 1, 2} and * replaced by either x or y.
Remark. Wehler shows that a general member of this family has automorphism group exactly A, but as with many proofs of this type, such a surface may not exist. That is ok, since for our purposes we only need that A is contained in the automorphism group to be able to construct an interesting family of dynamical systems. Consequently, we will be interested only in the case where σ x and σ y are morphisms.
Periodic Points
We will now use good reduction information to develop an algorithm to find Wehler K3 surfaces with periodic points over Q of specified primitive period.
Theorem 2. [Hutz 2007, Theorem 2.32] Let K be a number field. Assume that S ⊂ P 2 × P 2 is a Wehler K3 surface defined over K. Let φ = σ x • σ y ∈ Aut(S) and P ∈ Per(φ)(K) with good reduction at a prime p ∈ K. Define n = primitive period of P for φ, and m = primitive period of P for φ.
Then m | n for all primes p and n = m for all but finitely many primes p.
The algorithm proceeds as follows to find a periodic point over Q with specified primitive period n on a given surface S:
(1) Chose a prime p ∈ Q.
(2) Find all of the points in S(F p ). (Discussed in Section 3.1) (3) Find all of the cycles in S(F p ).
Exit if S is degenerate. (4) Save all points with m | n for p.
Exit if there are none. (5) Repeat for the next prime until the specified number of primes is completed. (6) Use the Chinese Remainder Theorem on the coordinates of the saved points to find P ∈ S(Q).
There are two points worth further discussion: What if S is singular? Which points do you use for CRT?
First we address singularity. Since we are computing the forward image of every point in S(F p ) we can easily check for degenerate fibers since by [Call and Silverman 1996] a fiber S *
12 (a) = 0. From the remark earlier (also from [Call and Silverman 1996] ) this leaves the only possible singular points as fixed points of σ x and σ y . Therefore, if we are searching for a periodic point with primitive period n > 1 the singular fixed points should have no effect on the algorithm. So we content ourselves to only check for degenerate fibers.
Determining which of the saved points to use in the Chinese Remainder Theorem is a more practical issue. It would of course be possible to try every possible combination, however this may not be the most efficient strategy. Since we are only interested in finding a periodic point and not necessarily all periodic points and are willing to accept missing some periodic points for a faster algorithm, we choose only points from primes where there is a single point with the reduced period m equal to the period n or primes where is only a single point with m | n.
See Table 1 for approximate run time for one prime: using a Pentium IV 2.0Ghz with 256Mb RAM running Pari/gp 2.2.9 Development on Windows XP.
The above algorithm was used to find Wehler K3 surfaces with periodic points over Q of primitive period 1, . . . , 16. Table 2 and Table 3 give examples of surfaces with a point of each primitive period. Note that surface with a fixed point, in fact, has two fixed points and that the surface with a 6-periodic point also had a 2-periodic point.
Upon examining these tables, the reader will quickly notice that nearly all of the surfaces have coefficients contained completely in {−1, 0, 1}. Upon examining data from the first few primes for randomly generated Wehler K3 surfaces, surfaces with larger coefficients had comparatively few periodic points: 48, 871 out of 49, 200 surfaces with coefficients in [−128, 128] did not have a periodic point of any order. The remaining 329 surfaces may or may not have a periodic point but would require data from more primes to determine the existence of a periodic point. Whereas for surfaces with coefficients in {−1, 0, 1}, 7425 out of 19424 surfaces did not have periodic points of any order, with the remaining surfaces requiring more data to determine existence of periodic points. Consequently, the search algorithm was restricted to generate random surfaces with coefficients in {−1, 0, 1}.
Finding
The algorithm requires finding all S(F p ) efficiently. We do so by finding the 0, 1, or 2 points in p −1
x (x) for x ∈ P 2 K . We know from Call and Silverman [Call and Silverman 1996, Corollary 1.5 ] that the two solutions {y, y ′ } satisfy the following equations:
Solving this large system is merely a matter of case by case analysis, so we leave the interested reader to examine ordersearch.gp or see [Hutz 2007, Section 6.2] . Note that the method is valid only for char(K) = p = 2 due to using the quadratic formula for degree 2 polynomials, however, for p = 2 it is a simple matter to examine all possible points.
Point and Cycle Statistics
In searching for periodic points, we must compute #S(F p ) and all the cycles on S(F p ). The surfaces S were generated by have Pari/gp generate random integer L and Q vectors which define such a surface. Recall that we are interested only in surfaces where σ x and σ y are morphisms and, hence, are discarding degenerate surfaces. Table 4 summarizes the data.
On a Pentium IV 2.0Ghz with 256Mb RAM running Pari 2.2.9 Development on Windows XP, the algorithm takes approximately 2.4 seconds per 1000 points.
Two interesting pieces of information that we will examine are :
(1) The average number of cycles is slightly larger than p with an error term that is growing. With a little experimentation p + 0.8 ln p is a good estimation of the data. (2) The average number of points is approximately p 2 + 2p + c where c is either 0 or 1 depending on how many primes of data are used. For example, using the primes up to 101 yields p 2 + p, whereas using the primes up to 137 yields p 2 + 2p + 1. So it is clear that while the p 2 + 2p portion appears, determining the constant as either 0 or 1 would require more data.
Average Number of Cycles
An average length of cycles of approximately p+ ln p shows that φ is not acting as a random permutation on the points. We give as evidence the following easy proposition from probability. Proposition 3. The average number of cycles in an element of S N is approximately ln N .
For a Wehler K3 surface S, we have N ∼ p 2 , so for a random permutation of the points, we should have an average number of cycles of approximately ln p which is much smaller than the actual p + ln p.
Remark. An explanation for this average number of cycles has not been obtained yet, but it seems in a similar vein to data from Roberts and Vivaldi [Roberts and Vivaldi 2005, Figure 1 ] on reversing and non-reversing maps on p points.
Average Number of Points
Since S is a K3 surface, we know that the maximum number of points possible over a finite field F p is p 2 + 22p + 1. Note that the maximum found in gathering the data for Table 4 was approximately p 2 + 6p + 1. This absolute maximum is because K3 surfaces have Riemann zeta functions of the form
where |α i | = p. We can now take the natural logarithm of both sides, expand, and compare coefficients to get
The actual value of approximately p 2 + 2p + 1 is much less than this maximum and implies that such a K3 surface generated with random coefficients in Q is likely to have Picard number two. The Weil conjectures and the Lefschetz fixed point theorem tells us that
where F is the map induced on cohomology by the Frobenius map. The Betti numbers b 4 = b 0 = 1 contribute p 2 + 1 to the number of points. Each element of the Picard group contributes p to the sum. Assuming that S has Picard number two, we have p 2 + 2p + 1 and need to determine how the remaining eigenvalues of Frobenius behave on average. From [Katz and Sarnak 1999] , we have that the remaining eigenvalues behave as the eigenvalues of a random unitary matrix of size 20. From [Diaconis and Shahshahani 1994] , we see that on average these eigenvalues are evenly distributed complex numbers of absolute value p and, hence, contribute 0 to the total sum. Therefore, we would expect to see the average number of points of S(F p ) to be p 2 + 2p + 1 when S has Picard number two. Consequently, we expect to find many non-degenerate Wehler K3 surfaces with Picard number two. After computing the Riemann Zeta function for a few of these surfaces, we were able to produce the example of Section 5.2 which has Picard number two. Note that a general member of Wehler's family of K3 surfaces has Picard number two ([Wehler 1988, Theorem 2.9] ), but it may be that no generic Wehler K3 surface exist.
Riemann Zeta Function of a Wehler K3 surface
Let p ∈ Z be a prime and let N m = #S(F p m ) be the number of F p m -rational points on S. The Riemann zeta function encodes much information about the set of points of S. Knowing the Riemann zeta function therefore leads to knowing information about S. In particular, we produce a K3 surface with Picard number two. One way to compute the Riemann zeta function is to determine N m for enough m. How many is enough depends on the variety. Since S is a K3 surface, it has Betti numbers b 0 = b 4 = 1, b 1 = b 3 = 0, and b 2 = 22, so we will see that we need only the first 11 N m s to determine the Riemann zeta function.
The Riemann Hypothesis
The Riemann zeta function satisfies the Riemann Hypothesis, as shown by Deligne [Deligne 1974] . We have that dim(S) = 2 and that K = F 3 . Since S is a K3 surface, we have that
Our goal is to calculate the 22 α i s. The method we use is to (1) Compute the N m s programmatically.
(2) Write
as a power series in T .
(3) Equate coefficients of the powers of T in the expansion of step 2 with the coefficients of powers of
, the N m s. From the above information, we are able to calculate the power sums of the α i , from which we can compute the symmetric polynomials in the α i . Consequently, we have the polynomial with the α i as its roots.
Fortunately, the 22 α i s are not all independent, and we show next that it is sufficient to determine only the first 11 N m s. The functional equation of the Riemann zeta function says that we can group the α i s into pairs which satisfy α i α ′ i = 9. Hence, we get
2 ), where
Taking the natural log of both sides and expaning we get the following equations, where P j = 11 i=1 a j i :
From these 11 power sums, it is possible to recover the first 11 symmetric polynomials C 1 , . . . , C 11 in the a i s using the Newton-Girard formulas [Seroul 2000 ], which related the P k to the C i . We now have the polynomial whose roots are the a i , and we know that
Therefore, we can solve for
So we determine the a i and can then determine the α i . Therefore, we only need to determine the first 11 N m s to determine Z(S, T ).
Remark. We could compute the C i for p = 3 if we could feasibly determine the N m s in this case. This surface was chosen likely to be non-singular, by checking point by point for a singular point over F 3 m for m = 1, 2, 3, 4, 5. The N m s and the time to compute them are shown in Table 5 . The case m = 9 was run as a single script on a Pentium IV 2.0Ghz with 256Mb RAM running Pari/gp 2.2.9 Development on Windows XP. The cases m = 10 and m = 11 were run in a series of scripts (splitting the outer loop into sections). Note that even optimized for counting the number of points on this particular surface computing N 11 took approximately 500 days of CPU time. Examining the α i we know from [van Luijk 2007, Corollary 2.3 ] that the number of αi 3 which are roots of unity is an upper bound on the Picard number. In this example, the upper bound is then 2. However, we also know that the Picard number is at least 2, see [Wehler 1988] . Hence, the surface has Picard number exactly 2.
An Example

A-Discriminant of a Wehler K3 Surface
Using the theory of A-discriminants from Gelfand, Kapranov, and Zelevinsky (GKZ) [Gelfand et al. 1992 , Part II] we know there exists a polynomial in the coefficients of L and Q which vanishes if S is singular, called the A-discriminant and denoted by ∆ A . We compute the bi-degree of this polynomial as in [Grier et al. 2008] .
First note that the convex hull W associated to the monomials of L and Q is combinatorially equivalent to ∆ 2 × ∆ 2 × ∆ 1 , a triangle cross a triangle cross a line. Metrically this is triangle cross a triangle of length 1 (bilinear) connected by edges of length 1 to a triangle cross a triangle of length 2 (biquadratic). This convex hull is a 5 dimensional object. We proceed by considering all the faces of W starting with highest codimension. In the computation, TOPCOM [Rambau 2002 ] was used to compute a fine triangulation, a triangulation where each simplex has volume 1, of the A associated to each face. Then a simple counting script in PARI/gp ascertains the number of vertices associated to L and to Q, thereby determining the contribution to the bi-degree of each face. The data is summarized in the Table 6 , with the right-most column representing the total contribution to the bi-degree for each type of face.
Following [Gelfand et al. 1992 , Theorem 2.8], we take the alternating sum of the total contributions to have the following theorem. 
